ESTIMATES OF ID RESONANCES IN TERMS OF POTENTIALS 
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Abstract. We discuss resonances for Schrodinger operators with compactly supported po- 
tentials on the line and the half-line. We estimate the sum of the negative power of all 
resonances and eigenvalues in terms of the norm of the potential and the diameter of its 
support. The proof is based on harmonic analysis and Carleson measures arguments. 

o: 

Q.J Dedicated to Lennart Carleson, on the occasion of his 85th birthday 

1. Introduction and main results 

In this paper we will present a global estimate of resonances in terms of the potential for 
Schrodinger operators H = Hq + q, where Hq is one of the following: 

Case 1 : -d 2 /dx 2 in L 2 (R). 

—d 2 /dx 2 in L 2 (IR + ), with /(0) = boundary conditions. 

—d 2 /dx 2 in L 2 (IR + ), with f'(0) = boundary conditions. 

We assume that q is integrable and has a compact support. It is well known that the spectrum 
of H consists of an absolutely continuous part [0, oo) and a finite number of simple negative 
eigenvalues E\ < ■ ■ ■ < E m < 0, see well-known papers [DT79] . |Me85j and the book [Ma86j 
about inverse scattering. The Schrodinger equation 

-f" + q(x)f = k 2 f, fcGC\{0}. (1.1) 

has unique solutions ip±(x,k) such that ip+(x,k) = e lxk for large positive x and ip-(x,k) = 



Case 2 



Case 3 



> 
O 



q ■ e -ikx f Qr i ar g e negative x. Outside the support of q any solutions of (11. ip have to be com- 

binations of e ±lkx . The functions ip±(x, ■), ip'±{x, ■) for all x 6 R are entire. We define the 
Wronskian w for Case 1 by 

^_ w(k) = {^(-,k),i; + (;k)}, (1.2) 

where {/, g} = fg'—f'g. In Case 2 the Jost function is defined as i/)+(0, •) and in Case 3 the Jost 
function is defined as ^+(0, •). Let F be one of the functions w, ^+(0, k) or ^(0, k). Recall 
that the function F is entire. One has exactly m simple zeros k\ = %\E\^I 2 ^ . . .k m = ^E^ 1 ^ 2 
in the upper half-plane C + and for q ^ an infinite number of zeros (k n )^ +1 in the lower 
half-plane C_ labeled by 

^ \k m+ i\ ^ \k m+2 \ ^ . . . where < \k m+2 \, 

see [F97j . [S00] . |Z87j and |K05] . Here it is possible that k m+ \ = for some potential, but 
< |& m+ 2| for any potential. By definition, a zero k n 6 C_ of F is called a resonance of 
H . The multiplicity of the resonance is the multiplicity of the corresponding zero of F. Of 
course, the energies are given by k 2 , but since k is the natural parameter, we will abuse the 
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terminology. We estimate the eigenvalues and the resonances in terms of L 1 -norm of the 
potential. 

Theorem 1.1. Let H = H + q, where q is integrable and has a compact support. 
In Case 1, let suppg C [0,7] but in no smaller interval. 
In Cases 2 and 3, let 7 = sup(supp(g)). 
Then the following estimate holds true: 

E (i + ) fcn | )P ^( 1+ ^ + llglD> V ^ >X ' (1-3) 

where the constant C p depends on p only, and \\q\\ = J 7 \q(x)\dx. 

Remark. 1) The RHS of (II .3p depends on 2 crucial parameters: the diameter of the support 
of the potential and the magnitude \\q\\ of the potential. In Cases 1 and 3 we can not remove 
1 in the RHS of (II. 3p . In Case 2 probably the number 1 should be absent in the RHS of ( II. 3p . 

2) C p is the constant from Carleson's Theorem ( Theorem 5.6 in |G81j ). see also ( I2.18p . 

3) In Case 1 the proof of (ll.3p is based on analysis of the function w. We use harmonic 
analysis and the Carleson Theorem ( Theorem 5.6 in |G81j ) about Carleson measure. The 
proof for Cases 2 and 3 is a simple corollary of Case 1. 

4) Until now we did not know any estimate of resonances in terms of potential. In fact, the 
estimate (ll.3p gives a new global property of resonance stability. 

Resonances for the multidimensional case were studied by Melrose, Sjostrand, and Zworski 
and other, see |M83j . |Z89j . |SZ91j ) and references therein. We discuss the one dimensional 
case. A lot of papers is devoted to resonances for the ID Schrodinger operator, see Froese 
|F97] . Simon |S00] . Zworski |Z87j . Korotyaev |K11] and references therein. We recall that 
Zworski [Z87J obtained the first results about the asymptotic distribution of resonances for 
the Schrodinger operator with compactly supported potentials on the real line. Different prop- 
erties of resonances were determined in |H99j . |S00j . |Z87j . and |K04] . |K05j . |Kllj . Korotyaev 
solved the inverse problem for resonances: the characterization of S-matrix for the Schrodinger 
operator with a compactly supported potential on the real line [K05] and the half-line |K04] . 
Moreover, recovering (plus uniqueness) of the potential from the resonances was obtained, see 
also |Z02] . [BKW03J about uniqueness. 

The "local resonance" stability problem was considered in |K04s] for Case 2. It was proved 
that: if x = (x„)J° is a sequence of eigenvalues and resonances of the Schrodinger operator 
with some compactly supported potential q and J2 n> in 2£ \3i n — x n \ 2 < 00 for some sequence 
Tk = (x n )f D and e > 1, then x is a sequence of eigenvalues and resonances of a Schrodinger 
operator with for some unique real compactly supported potential q. 

A lot of papers are devoted to estimates of eigenvalues in terms of potential (so-called 
Lieb-Thirring inequalities), which have the form 

\ k n\ T ^C T I \q(x)\ T -¥dx, T > 1, 

lmfc n >0 ^ R 

see |LT76j . |LS10j . |W96j and references therin. In our case ( II .3p the number of resonances is 
infinite and we consider the negative power r = —p < — 1. Furthermore, some resonances and 
eigenvalues can be close to zero even for small potentials. For this reason, we sum (1 + \ k n \)~ p . 
Thus, roughly speaking, (II. 3p is a Lieb-Thirring inequality for the resonances. Moreover, (11.31) 
is a Lieb-Thirring inequality for eigenvalues for negative r. 
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2. Proof 

2.1. Estimates for entire functions. An entire function f(z) is said to be of exponential 
type if there is a constant j3 such that \f(z)\ ^ const e^' 2 ' everywhere. The infimum of the set 
of f3 for which such inequality holds is called the type of /. 

Definition. Let £ 7 ,7 > denote the set of exponential type functions f , which satisfy 

\f{k)\ > 2|ife| V^GR, (2.1) 

and 

f(k) = 2ik -f + f*(k), \f m {k)\ ^ Ae 2 ^~, Vk = u + iveC, 

1 (2-2) 
where V- = —(\v\ — v), / el. 

In the proof of Theorem 11.11 we will need some properties of zeros of / G £ 7 in terms of the 
Carleson measure. Recall that a positive Borel measure M defined in C_ is called a Carleson 
measure if there is a constant Cm such that for all (r, t) G R + x R 

M{D_{t,r)) < C M r, where D_(t, r) = {z G C_ : \z - t\ < r}, (2.3) 

here Cm is the Carleson constant independent of (t,r). 
For an entire function / with zeroes k n , n ^ 1 we define an associated measure by 

dVL(k,f)= 5(k-k n + i)dudv, k = u + iv eC-. (2.4) 

Im fc n ^0 

We denote the number of zeros of function / having modulus < r by 7V(r, /), each zero being 
counted according to its multiplicity. In order to prove Theorem 11.11 we need 

Theorem 2.1. Let f G £ 7 for some 7 > 0. Then 
i) Let r > 0, t G R \ [— |, |]. Then the following estimate holds true: 

Af(r, f(t + .))^J—(^L + \f \ + l og (l + 4r) + log(l + A)) . (2.5) 

lOg 2 V 7T J 

ii) /) zs a Carleson measure and for all (r,t) G R + x R satisfies 

n(D_(t,r),/) <JV(r, /(« + •)) « C(/)r, 



c 'W) = i3i4(ir + w+4+log(1+ ' 4) j' 

m) Let fc n ,n ^ 1 6e a// zeros 0//. T/ien /or eac/i p > 1 £/ie following estimate holds true: 

where the constant C p depends on p only and C(f) is defined in A2.6\) . 
Proof, i) Recall the Jensen formula for an entire function F: 

log |F(0)| + jf" ^lEl dt = J_ J J log |F(re^)|#, (2.8) 

see p. 2 in |Koo88j . Recall that / has the form / = 2ik - f + /*, where |/„(Jfe)| Ae 2 ^ v - . 
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Consider the case £ G R \ [— |, |]. Let c = 2it — f . Then f !2.2p implies 



|/(t + fc)| = |2it + 2ifc-/ + /i(t + A:)l = |c| 



, 2ifc /*(£ + &) 
1 + + — 

c c 



^ Id 1 



2\k\ 



1 + 



!/.(*+*)! 



^|c|(l + 2|A;|)(l + |/,(t + *)!), 



(2.9) 



since |c| ^ 1. Substituting this into (I2.8P we obtain for the function F(k) = f(t + k), k = re 1 ^: 



log 



s 2ir J Q 

»2n 



2k 



log|/(£ + re**)\d(f> 



^ log \c\ + log(l + 2r) + 



1 
27 



(2.10) 



log(l+ l/*(£ + re^))#, 



where Af(s) = ftf(s, /(£ + ■)). We estimate the last integral in RHS of f)2.10p . The estimate 
!/*(£ + re^)\ ^ Ae 2lv - , where t>_ = r(| sin0| — sin0), implies 



1 

2^ 



2tt 



log(l + |/*(t + re^)|)#< 



2tt 



2n- 



logf 1 + ^(1 sin ^| -sir 

2r7 



^ 2^ J Sin< ^' ~ sin< ^) + 1 °g( 1 + = "p- + 1 °g( 1 + 



The simple calculus gives 

log |c| = log |2£| + log 



1 



A 

2it 



<log|2t| + |/ |. 



Combining all estimates (I2.10p - fl2.12p . we obtain 



log- 



2\t\ 



^itds ^ ^ + \f \ + log(l + 2r) + log(l + A). 

S 7T 



Substituting the estimate ^Mr ^ 1 into (I2.13P together with the simple one 



2\t\ 

r M(s)ds 



ds 



Afl - 1 log2 



we obtain 



M\ - lo ff 2 < 



2r7 



7T 



+ |/ |+log(l + 2r) + log(l+A), 



fi(D_(t,r),/)<JV(r, /(* + •))< 



log 2 V 7T 



4r7 



+ |/ |+log(l + 4r) + log(l + A) 



Ci 



47 

log 2 V 7T 



+ |/ |+4 + log(l + A) . 



(2.11) 



(2.12) 



(2.13) 



(2.14) 



which yields f)2.5p . 

ii) Let l,t Gl. Then by the construction of f), we obtain Q(D_(t, r), f) = 0. 
Let r > 1, £ G R. We have two cases: 

Firstly, let r > 1, £ G R \ [-§, |]. Then due to (J23]), the measure Q(-,f) satisfies 



(2.15) 
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Secondly, let r > l,t G [0, |]. The proof for the case t € [— |,0] is similar. For two disks 
D{t, r) and ri), rj = r + | we have 



D(t,r) n {ImA; ^ -1} C D(- r a ) n {ImA; *C -1}, 

1 3r 

r^ri = r H — — . 

2 2 



(2.16) 



Then due to (I2.5p . the measure satisfies 

r), /) < fi(D-(l/2, n), /) < AT(n, /(i + •)) < Cin ^ ^Cir. (2.17) 

Thus fi(-, /) is a Carleson measure with the Carleson constant C(f) = \C\. 

iii) Consider the case \m.k n ^ 0. The proof for the case Im/c n > is similar, even simpler. 
In order to show (12. 7p we recall a result of Carleson (see Theorem 5.1, |G81j ): 

If M is a Carleson measure, then the following estimate holds: 

[ \Pg(z)\PdM *C C P C M [ \g(t)\ p dt V g G If(R), p G (l,oo), (2.18) 
Jc- Jm. 

where (Pg)(k) = f J K \t-k\ 2 ' ^ = M + 2f G C_ £/ie Poisson integral of g, Cm is the so-called 
Carleson constant and the constant C p depends on p only. 
In order to prove ( 12. 7p we introduce real-valued functions £1,^2 by 

1 u v — 1 

6+^2, Uk) = Tl ^, Uk) = - Tl ^, k = u + iveC- 



7 • 1 —5^7 >J-V / 17 -19' / 17 -I 

k — % \k — %\* \k — i\ 

Note that £1,^2 are harmonic in C_. Let v n = lmk n and k n = k n — i. Estimate (12.18P yields 

E l&(*»)l P = E T^^T < C vCu \ rf^- = C lp C M , (2.19) 

E I6WI P = E < ^ / fTTTb = ^m- ( 2 - 2 °) 

Due to the simple inequality x p + y p ^ 2~i |x + iy| p , Vx ^ 0, y ^ 0, we deduce that 

E(i«*oi'+ fcftor) > 2-1 e ^ > E ^ (-2D 

and summing (12~19|) - (I2~2T|) we have (1277]) . ■ 

2.1. Estimates of resonances. We consider Case 1 and without loss of generality let 
supp q C [0,7]. The Schrodinger equation 

-f" + q(x)f = k 2 f, keC\{0}, (2.22) 

has unique solutions if)±(x, k) such that i>+(x, k) = e lxk , x ^ 7 and ij)-(x, k) = e~ lkx , x ^ 0. 
Outside of the support of q any solutions of (I2.22|) have to be linear combinations of e ±tkx . 
Functions i/j±(x, •), if)±(x, •), x G M are entire. We define the functions a, w, s by 

w(k) = 2ika(k) = {V>_(-, fc), *:)}, *(*) = {M; *0, V>-0, -k)}, (2.23) 
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and {/, g} = fg' — f'g denotes the Wronskian. The functions w(k),s(k) are entire and the 
following asymptotic estimates hold true: 

a(k) = 1 + 0(k~ 1 ) as |fc| oo, k G C+. (2.24) 

The scattering matrix for the operators H, H = — -j^ is given by 

=(?$>' -=w- fceR ' (2 - 25) 

where 1/a is the transmission coefficient and r± are the reflection coefficients. The matrix 
S(k),k G R is unitary, which yields 

\w(k)\ 2 = 4k 2 + \s(k)\ 2 , V A; G R. (2.26) 

The solution ■?/>+ of (12.221) satisfies the following equation 

i>+(x, k) = e ixk - f Sm ^^~ t ^ g(t)V+(t, fc)dt V (x, fc) G [0, 7] x C. (2.27) 

It is well known that equation ( I2.27P has a unique solution. Due to ( I2.27P the function 
y(x, k) = e~ tkx tp + (x, k) satisfies the integral equation 

C sin Jff 

y(x, k) = 1 + / G(t-x,k)q(t)y(t,k)dt G(t, k) = — - — e ikt , (2.28) 
Jx k 

for all (x, k) G [0, 7] x C. We have the standard iterations 

y(x,k) = 1 + y^ j y n (x,k), y n (x,k)= I G{t - x,k)q(t)y n _ 1 (t,k)dt, y Q = l. (2.29) 

We need some properties of the functions introduced above. 

Lemma 2.2. Letq G L X (R) andsuppqC [0,7]. Then the functions w, s and ip+(x, -),^' + (x, •) , 
x G R are entire and we have 

\y n (x,k)\^-e 2 ^- x >-, (2.30) 



where 



v - = { \ J m ^° h = T7T> = max{l, (2.31) 

|t> I, Imfc = v < |k|i 



\y(x,k)\ ^ e 2(7 - x)l, - +h , 
|3/(x,ife) - IK he 2 ^~ x)v - +h , 

\y(x,k)-l- yi \ ^ ^ e 2 (7-*>-+fc. 



(2.32) 



Moreover, w E £ 1 and satisfies for any k G C: 

= i2fc-g + w*(A;), w*(k) = - I q(t)(y(t, k) - l)dt, (2.33) 



M*)l < || || /ie^-^ 2 ^- , (2.34) 
where q = Q q(t)dt and \\q\\ = \q{t)\dt. 
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Proof. Substituting the estimate 



p 2v—x 

\G(x, k)\ s= —T7-, x^O, fceC, (2.35) 
\k\i 



into the identity 



y n (x,k)= / ( Yl G(tj -t j - l ,k)q(t j ))dt 1 dt 2 ...dt n , 



x=t <t 1 <t 2 <...<t n " ls £K n 



we obtain 



\y n (x,k)\ < i y ( n e^-fe-^lg^-)!)^!^...^ 

2<-<*n 

/ ( II |g(*i)l)e 2,, - tn ^idt 2 ...cZt 



a;=to<ti<t2< 



X=t <tl<t2<...<in J 



g 2(7-a;)t)_ /• 

^ — Hun — y \q(t 1 )q(t 2 )....q(t n )\dt 1 dt 2 ...dt n ^ e 



ra!|ife|? 

X=t <ti<t2<-..<t„ 

This shows that for each x ^ the series (I2.29P converges uniformly on any bounded 
subset of C. Each term of this series is an entire function. Hence the sum is an entire 
function. Summing the majorants we obtain estimates (I2.32p . Thus the functions w,s and 
ip+(x, -),ip' + (x, •), x G R are entire 

The identity QZZZD gives 



(2.37) 



which yields 

w(fc) = V_(0, fc)V»+(0, fc) - $_(0, fc)^+(0, fc) = ^+(0, fc) + ^+(0, fc ) 

r ( 2 - 38 ) 

= 2ik - g + w m (k), w*(k) = - / q(t)[y(t, k) - l)dt. 

Jo 

Due to f)2.32p we have the estimate 

\w*(k)\ «C P \q{t)\he 2 ^~ t)v - +h dt s= he 2 ^ v - +h f \q(t)\dt = h\\q\\e^ v - +h , (2.39) 



^+(0, k)' = ik- cos[kt] q{t)if)+(t, k)dt, 
Jo 

ikip+(0,k) = ik + i / sinffct] q(t)ip + (t, k)dt, 



which is (12.341) . Together with (12.261) this implies that w G £ 7 . 
We conclude few facts about the resonances in the disk {\k\ < r}. 

Proposition 2.3. Let q G L X (R) and suppg C [0,7] for some 7 > 0. 
i) Let r > and let q satisfy 



'I + he 2 "< r+h ) < 2r, where h = ^—r. ( 2 .40) 

max{ 1 , rj 



Then the function w has only one simple zero in the disk {\k\ < r}. 
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ii) Let in addition, 1 ^ r ^ ^- and let 2\\q\\ ^ r. Then the function w has only one simple 
zero in the disk {\k\ < r}. 
Hi) Let r > and r\ — r + ~. Then the following estimates hold true: 

Af{r, w((l/2) + .)) < -L f^E + i og (l + 4r) + A\\q\\) , (2.41) 

log 2 V 7T J 

M(ri, w) < (^El + i og (l + 4n) + | 9o | + %|| j . (2.42) 
log2V vr / 

Proof, i) Let Wq = i2k and |fc| = r. Then the estimates (I2.33p . ( I2.34p imply 

\w(k) - w (k)\ < ||g||(l + /ie 2 ^) = \w (k)\C , C = M(l + Zie 2 ^). (2.43) 

2r 

Hence, if Co < 1, then by Rouche's theorem, w(k) has only one simple zero, as Wq = 2ik in 
the disk {|fc| < r}. 

ii) Uf(h) = h+h 2 e 1+h < 2, then (IZ30|) holds true. Then estimates /(§) < 2 and /i = M ^ § 
yield that w; has only one simple zero in the disk {\k\ < r}. 

iii) Due to Lemma [2. 2} we have w G £ 1 . The estimate (I2.5P implies 

Af(r, w((l/2) + .)) < -L ( ^ + |g | + l og (l + 4r) + log(l + A)) . (2.44) 

lOg 2 V 7T ) 

The estimate ( I2.34p from Lemma 12.21 gives |uv(fc)| ^ /i||g||e 27V ~ +/ \ Then by ( I2.3ip . we can 
choose A(w) = ||g|| 2 e"^' and 

log(l+A) ^ log(l + ||g|| 2 e 11911 ) ^ ||g|| + log(l + ||g|| 2 ) ^ ||g|| + 2 log(l + ||g||) < 3||g||. (2.45) 

Substituting (ET45]) into (ET44j) we obtain fl2l4]) . which yields (EHJ). ■ 
Remark. 1) This proposition shows that for any 7, r > and sufficiently small ||g|| the 

function w has only one simple zero in the disk {\k\ < r}. 
2) The number of zeros of w in the disk with large r depends on the diameter 7. But it is 

very interesting to determine the asymptotics of Af(r,w) as r — > 00. This problem remains 

open for long period. 

Proof of Theorem 11.11 We consider Case 1 and let suppg C [0,7]. By Lemma [2.2[ the 
function w G £ 7 and applying the estimate ( 12. 7p from Theorem 12.11 we obtain: 

where the constant C p depends on p only and C(w) is given by 

CM = r^rf— + M + 4 + log(l + A) ) , A = A(w). (2.47) 



log 4 \ 7T 

The estimate ( I2.34p from Lemma 12.21 gives |u>*(&)| ^ /i||g||e 271 '~ +/ \ Then by ( I2.3ip . we can 
choose A(w) = || g|| 2 e" <? " . Substituting ( I2.45P into ( I2.47P we obtain 

CH^^(l + l + \\q\\). (2.48) 

Combining (12T48|) and (12^6]) we obtain ( Ojl . 
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Consider Cases 2 and 3. For q G L 1 (R + ) we define the Schrodinger operator H = —^2 + Q 
acting in L 2 (M) with an even compactly supported potential q given by 

g£ ^(1), q(±x) = q(x),x^0. 

The Schrodinger equation — /" + q(x)f = k 2 f, k G C \ {0}, has unique solutions ip±(x, k) 
such that 4>+{ x , k) = e lxk , x ^ 7 and ip-{x, k) = e~ lkx , x ^ —7. Note that the symmetry of 
the potential q yields 

ip+(x, k) = ip+(x, k) = tp_(—x, k) Vx G [0, 7], 

which implies the the corresponding Wronskian {ip + (x, k),if)-(x, k)}\ x= o = 2ip + (0, k)ip' + (0, k). 
Then (11. 3p for Case 1 yields (11.31) for Cases 2 and 3. ■ 
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